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Abstract 

We consider a two-dimensional nonstationary Navier-Stokes shear flow with a sub- 
differential boundary condition on a part of the boundary of the flow domain, 
namely, with a boundary driving subject to the Tresca law. There exists a unique 
global in time solution of the considered problem which is governed by a variational 
inequality. Our aim is to prove the existence of a global attractor of a finite frac- 
tional dimension and of an exponential attractor for the associated semigroup. We 
use the method of /-trajectories. This research is motivated by a problem from 
lubrication theory. 
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1 Introduction 

Remarking on future directions of research in the field of contact mechanics, in their re- 
cent book [I], the authors wrote: "The infinite-dimensional dynamical systems approach 
to contact problems is virtually nonexistent. (...) This topic certainly deserves further 
consideration" . 

From the mathematical point of view a considerable difficulty in analysing problems 
of contact mechanics, and dynamical problems in particular, comes from the presence 
of involved boundary constraints which are often modelled by boundary conditions of 
a dissipative subdifferential type and lead to a formulation of the considered problem 
in terms of a variational or hemivariational inequality with, frequently, nondifferentiable 
boundary functionals. 

Our aim in this paper is to contribute to this topic by an examination of the large 
time behaviour of solutions of a problem coming from the theory of lubrication. 
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We study the problem of existence of the global attractor of a finite fractal dimension 
and of an exponential attractor for a class of two-dimensional turbulent boundary driven 
flows subject to the Tresca law which naturally appears in lubrication theory. Existence 
of such attractors strongly suggest that the time asymptotics of the considered flow can 
be described by a finite number of parameters and then treated numerically [2j [3] . We 
study the problem in its weak formulation given in terms of an evolutionary variational 
inequality with a nondifferentiable boundary functional. This situation produces an 
obstacle for applying directly the classical methods, presented e.g., in monographs (SHH 
[SlinilT], to prove that the fractal dimension of the global attractor is finite. Instead, we 
apply the powerful method of ^-trajectories, introduced in [H |9] which we use further to 
prove the existence of an exponential attractor. The method of /-trajectories helps to 
prove the existence of an exponential attractor for a considerably large class of nonlinear 
problems, in particular that with lack of good regularity properties (c.f., e.g., [TIIIITTIIT^ 
and references therein). 

The problem we consider is as follows. The flow of an incompressible fluid in a 
two-dimensional domain D, is described by the equation of motion 

ut - i^Au + {u ■ V)m + Vjj = in il (1.1) 

and the incompressibility condition 

divu = in n. (1.2) 

To define the domain of the flow, let floo be the channel, 

^oo — {x — {xi, X2) ■ —00 < Xi < CO, < X2 < h{xi)}, 

where h is a positive function, smooth, and L-periodic in xi. Then we set 

fl — {x — {xi, X2) : < xi < L, < X2 < h{xi)} 

and dn = Fq U U Fi, where Fq and Fi are the bottom and the top, and F^ is the 
lateral part of the boundary of fl. 

We are interested in solutions of (|l.ip - (|1.2|) in ft which are L-periodic with respect to 
xi. We assume that 

u = at Fi. (1.3) 

Moreover, we assume that there is no flux condition across Fq so that the normal com- 
ponent of the velocity on Fq satisfies 

w • n at Fq, (1.4) 

and that the tangential component of the velocity on Fq is unknown and satisfies 
the Tresca friction law with a constant and positive maximal friction coefhcient k. This 
means that, c.f., e.g., [T| fT3]. 



k,,(u,p)| < k 

\a,,{u,p)\ < k ^ = Uoei } at Fq 

\arj{u,p)\ ~ k ^ 3X > such that = Uoei — Acr^(u,p) 



(1.5) 
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where ct^ is the tangential component of the stress tensor on Tq and UqCi = (C/o,0), 
Uq G K, is the velocity of the lower surface producing the driving force of the flow. 

If n = (ni, 77,2) is the unit outward normal to Fq, and ij = (771, 772) is the unit tangent 
vector to Tq then we have 

crr,{u,p) = (t{u,p) ■ n - {{a{u,p) ■ n) ■ n)n, (1.6) 

where a{u,p) — {aij{u,p)) = {—pSij + v {ui,j + Uj^i)) is the stress tensor. In the end, the 
initial condition for the velocity field is 

u{x,0) = uq{x) for a; e 51. 

The problem is motivated by the examination of a certain two-dimensional flow in an 
infinite (rectified) journal bearing Q x (—00, +00), where Fi x (—00, +00) represents 
the outer cylinder, and Fq x (— c»,-|-(x)) represents the inner, rotating cylinder. In the 
lubrication problems the gap h between cylinders is never constant. We can assume that 
the rectification does not change the equations as the gap between cylinders is very small 
with respect to their radii. 

The knowledge or the judicious choice of the boundary conditions on the fluid-solid 
interface is of particular interest in lubrication area which is concerned with thin film flow 
behaviour. The boundary conditions to be employed are determined by numerous physi- 
cal parameters characterizing, for example, surface roughness and rheological properties 
of the fluid. 

The widely used no-slip condition when the fluid has the same velocity as surrounding 
solid boundary is not respected if the shear rate becomes too high (no-slip condition is 
induced by chemical bounds between the lubricant and the surrounding surfaces and by 
the action of the normal stresses, which are linked to the pressure inside the flow; on 
the contrary, when tangential stressses are high they can destroy the chemical bounds 
and induce slip phenomenon). We can model such situation by a transposition of the 
well-known friction laws between two solids [T to the fluid-solid interface. 

The system of equations (jl.l|) - ()1.2|) with boundary conditions: (|1.3|) at Fi for h — 
const and u — const on Fq, instead of (|1.4|) - (|1.5|) . was intensively studied in several 
contexts, some of them mentioned in the introduction of |14) . The autonomous case with 
h const and with u = const on Fq was considered in |151 116) . See also [171 where 
the case h ^ const, u — U{t)ei on Fq, was considered. The important for applications 
dynamical problem we consider in this paper has been studied earlier in [18] in the 
nonautonomous case for which the existence of a puUback attractor was established with 
the use of a method that, however, did not guarantee the finite dimensionality of the 
pullback attractor (or the global attractor in the reduced autonomous case). 

To establish the existence of the global attractor of a finite fractal dimension we use 
the method of Z-trajectories as presented in [9]. This method appears very useful when 
one deals with variational inequalities, c.f., [12j . as it overcomes obstacles coming from 
the usual methods. One needs neither compactness of the dynamics which results from 
the second energy inequality nor asymptotic compactness, c.f., i.e., [71 [T7], which results 
from the energy equation. In the case of variational inequalities it is sometimes not 
possible to get the second energy inequality and the differentiability of the associated 
semigroup due to the presence of nondifferentiable boundary functionals. On the other 
hand, we do not have an energy equation to prove the asymptotic compactness. 
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While there are other methods to establish the existence of the global attractor where 
the problem of the lack of regularity appears, that, e.g., based on the notion of the 
Kuratowski measure of noncompactness of bounded sets, where we do not need even the 
continuity of the semigroup associated with a given dynamical problem, c.f., e.g., |19j . 
and also 1181 , where the nonautonomous version of the problem considered in this paper 
was studied, the problem of a finite dimensionality of the attractor is more involved, c.f. 
also [14]. 

The method of ^-trajectories allows to prove the existence of an even more desirable 
object, called exponential attractor, for many problems for which there exists a finite 
dimensional global attractor [11]. An exponential attractor is a compact subset of the 
phase space which is positively invariant, has finite fractal dimension, and attracts uni- 
formly bounded sets at an exponential rate. It contains the global attractor and thus 
its existence implies the finite dimensionality of the global attractor itself. Its crucial 
property is an exponential rate of attraction of solution trajectories [101 111) . The proof 
of the existence of an exponential attractor requires the solution to be regular enough to 
ensure the Holder continuity of the semigroup in the time variable [9] . We establish this 
property by providing additional a priori estimates of solutions. 

Our plan is as follows. In Section [2] we homogenize first the boundary condition (jl.Sp 
by a smooth background flow (a simple version of the Hopf construction, c.f., e.g., [15] ) 
and then we present a variational formulation of the homogenized problem. In Section [3] 
we recall briefly the proof of the existence and uniqueness of a global in time solution 
of our problem and obtain some estimates of the solutions. Section H] is devoted to a 
presentation of the main definitions and elements of the theory of infinite dimensional 
dynamical systems we use, in particular, of the method of /-trajectories. In Section [S] 
we prove the existence of the global attractor of a finite fractal dimension. At last, in 
Section [6] we prove the existence of an exponential attractor and in Section [7] we provide 
some final comments. 

2 Variational formulation of the problem 

First, we homogenize the boundary condition ()1.5p . To this end let 



u{xi,X2,t) ~ U{x2)ei + v{xi,X2,t) 



(2.1) 



with 



t/(0) = C/o, U{h{x^))^Q, a;ie(0,L). 
The new vector field v is L-periodic in xi and satisfies the equation of motion 



(2.2) 



vt - lyAv + {v ■ \/)v + Vj9 G{v) 



(2.3) 



with 



G{v) = -Uv,x^ -{v)2 U,x^ ei + vU,x2X2 ei 
where by (v)2 we denoted the second component of v. As div(C/ei) = we get 



diYv = in f2. 



(2.4) 



From (|2l1l - ((2?2]) we obtain 
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and 

Moreover, we have, 



V = 0, on Fi, 
V ■ n = 0, on Fq. 



/ \ / N / dU(x2), 
an{v,p) = a^{u,p) + (i^— ^2=0,0). 



(2.5) 
(2.6) 



dx2 



Since we can define the extension U in such a way that 

dU{x2) . 



dx2 







(2.7) 



the Trcsca condition (|1.5p transforms to 

\(^r){u,p)\ < k 

\ajj{v,p)\ < k ^ ~ Q ^ at Fq 

|cr^(w,p)| = fc =4> 3A > such that Uj, = — A(T^(u,p) 

In the end. the initial condition becomes 

v{x, 0) = 1^0(2;) = uq{x) - C/(a;2)ei. (2.8) 

The Tresca condition ^2.7\ is a particular case of an important in contact mechanics class 
of subdifFerential boundary conditions of the form, c.f., e.g. [5D], 

^p{v) — ip(u) > —an(v — u) at Fq, 

where an is the Cauchy stress vector and v belongs to a certain set of admissible functions. 
For (p{v) = k\vjj\ the last condition is equivalent to (12. 7p . 

Now we can introduce the variational formulation of the homogenized problem (|2.3p - 
(j2.8p . Then, for the convenience of the readers, we describe the relations between the 
classical and the weak formulations. 

We begin with some basic definitions of the paper. 

Let 



V 



{v £ C°°(il)^ : divt; = in f2, wis L-periodic in xi, 
w = at Fi, u • n = at Fq} 



and 



V = closure of V in H^{Vif, H = closure oiV in L^{Vtf. 
We define scalar products in H and V , respectively, by 



(m, w) = 

and their associated norms by 



u(x)v{x)dx and (Vm , Vu) 



(u,u)2 and ||t;|| = (Vw , Vu) 2 , 
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Let, for u, v and w in V 

a{u , v) — (Vm , Vw) and b{u , v , w) — {{u ■ V)w , w). 
In the end, let us define the functional j on V by 

j{u) = / k\u{xi,0)\dxi. 
Jto 

The variational formulation of the homogenized problem (|2.3p - (|2.8p is as follows. 

Problem 2.1. Given vq E H, find v : (0,oo) ^ H such that: 

(i) for all T >0, 

V eC{[0,T];H)nL^{0,T;V), with vt e L'^{0,T;V') 
where V' is the dual space to V . 

(ii) for all Q in V, all T > 0, and for almost all t in the interval [0,T], the following 
variational inequality holds 

<vt{t),e-v{t)> +:^a{v{t),e^v{t)) + b{v{t),v{t),e - v{t)) (2.9) 

+ jiQ)-3ivit)) > iC{v(t)),e-vit)) 

(Hi) the initial condition 

v{x,0)^vo{x) (2.10) 

holds. 

In ^2. 9jl the functional C{v{t)) is defined for almost all t > by, 

{c{v{t)),e) ^ -ML e) - b{^, v{t), e) - b{v{t),^, e), 

where ^ = Uei is a suitable smooth background flow. 

We have the following relations between classical and weak formulations. 

Proposition 2.1. Every classical solution of Problem (|2.3p - (l2.8l) is also a solution of 
Problem YZ.W On the other hand, every solution of Problem \2.\\ which is smooth enough 
is also a classical solution of Problem (|2.3p - (|2.8p . 

Proof. Let u be a classical solution of Problem (|2.3p - (|2.8p . As it is (by assumption) 
sufficiently regular, we have to check only (|2.9p . Remark first that (|2.3p can be written 
as 

vt - Divcr(w,p) + {v ■ V)w = G{v{t)). (2.11) 
Let 9 e Multiplying (12. lip by 9 — v{t) and using Green's formula we obtain 

I vt{&-v{t))dx + I a,j{v,p){Q~v(t)),^jdx + b{v{t),v{t),Q-v{t)) 
Jn Jn 

= [ a,,{v,p)nj{Q-v{t)),+ ( G{v{t)){Q~v{t))dx{2.l2) 
Jan Jn 
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n 



for t G (0,T). As v{t) and 8 are in V, after some calculations we obtain 

a,j{v,p){e - v{t)),,jdx = va{v{t) , 6 - v{t)), (2.13) 

and using (jl.6l) we obtain 

crij{v,p)nj{<d - v{t))i = / arf{v,p) ■ {& - - / {<Tijnjni)Tii{<d ~ v^{t))i. 

an Jto Jto 

As Tii{Q — Vj^{t))i = on To, we get 

a^j{v,p)nj{Q-v{t)\^ a^{v,p) ■ {O ~ v^{t)) ^ (a„ • 6 + fc|e|) 

an J To J Fa 

H\e\-\v^m- [ {k\v,{t)\+a^-v,{t)). 

Remark that cr^ • + fc|6| > for |(T,,| < k, and the Tresca condition (|2.7p is equivalent 
to 

k\Vrj(t)\ + Urf ■ Vrj(t) = a. 6. On Fq. 

Thus 

/ cj,j{v,p)n,{Q^v{t)\>-[ fc(|e|-|«^(t)|)--j(e)+i(z;(t)). (2.14) 
Jan Jvo 

As 

/ G{v{t)){Q ~ v{t))dx = {C{v{t)),Q-v{t)), 

from ([2TT3| and (|2TT4)) we see that ([2TT2)) becomes ((2^ . and ((2?T0| is the same as (I/. all . 

Conversely, suppose that w is a sufficiently smooth solution to Problem 12.11 and let (p be 
in the space (i?]-„(fl))2 ^ {ip e V : if ^ on T}. We take 6 = v{t) ± ip in (HH), and 
using the Green formula, we obtain 

< vtit) ~ uAvit) + (vit) ■ V)vit) - G{vit)) , ^ > = \fp€ (^fL(f^))'- 

Thus, there exists a distribution p(t) on 51 such that 

vtit) - i^Av{t) + {v{t) ■ V)v{t) - G{v{t)) = Vp{t) in n 

so that (12.31) holds. We obtain (|2.7p as in [21j, and we have immediately (I2.4l) - (|2.6p and 

□ 



3 Existence and uniqueness of a global in time solu- 
tion 

In this section we establish, following |18| . the existence and uniqueness of a global in 
time solution for Problem 12. II First, we present two lemmas. 
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Lemma 3.1. Ql 71 ) There exists a smooth extension 

^{X2) - U{x2)ei 
of Uoei from Fq to Q, satisfying: i2.S\) . 

dU{x2 ) I 

and such that 



\X2=0 



\b{v, i, v)\ < -\\vf for all v e V. 

Moreover, 

lel' + |VeP= / \U{x2)\''dxidx2+ I \U,^,{x2)\''dxidx2<F, 



where F depends on v, and Uq. 

Lemma 3.2. ('181) For all v in V we have the Ladyzhenskaya inequality 

\\v\\L^^n)<Cin)\v\^\\v\\i. (3.1) 

Proof. Let v ^ V and r e C^((— L, L)) such that r = 1 on [0 , L] and r — a.t xi — —L. 
Define (p = rv, and extend (/s by to fJi = {—L , L) x (0 , h), where h = maxo<a;i<L h{xi). 
We obtain 

(p'^{xi,X2) = 2 y" v{ti,X2)^{ti,X2)dti <2 I |(^(a;i,a;2)| |-^(a;i,X2)|(ixi 
and 



dti 7-L dxi 



(p'^{xi,X2) = -2 [ (p{xi,t2)^(xi,t2)dt2 <2 I \(p{xi,X2)\\^^{xi,X2)\dx2, 
Jx2 Jo OX2 



whence 



II<pIIli(Oi) / (p'^{xi,X2)(p'^{xi,X2)dxidX2 



< 



/ sup ip'^{xi,X2)dx2 / sup ip'^{xi,X2)dxi 

Jo -L<xi<L J \J-L 0<X2<h 



< 4^^"! Jt^ll^ldxirfxaj X (j'^^j\^\\^^\dx2dx^ 



By the Cauchy-Schwartz inequality. 



< 



< '^\'P\L^n^)\^'P\L^n^)■ 
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We use |r| < 1 and the Poincare inequality to get 

\\v\\Li{n) <\\'p\\L'i{ni), |</5|l2(jii) < 2|u|i2(o) and \^(p\mni) < C\\v\\v 

for some constant C, whence p.ip holds. □ 

Theorem 3.1. For any Vq H and Uq (^M. there exists a solution of Problem \2.1\ 

Proof. We provide only the main steps of the proof as it is quite standard and, on the 
other hand, long. The estimates we obtain will be used further in the paper. 

Observe that the functional j is convex, lower semicontinuous but nondifferentiable. 
To overcome this difficulty we use the following approach (see, i.e., [20], [22] )• For (5 > 
let j,5 : F — M be a functional defined by 

1 /• ,1+^. 



1 + d 7ro 

which is convex, lower semicontinuous and finite on V, and has the following properties 

(i) there exists x G ^' and /i e M such that js{^) > < Xj > + A* for all 93 G V^, 

(ii) lim5^o+ jsi'p) = i(<p) for ah (p eV, 

(iii) vs ^ V (weakly) inV ^ lim5^o+ js{vs) > j{v). 
The functional js is Gateaux differentiablc in V , with 

(J^M, 0) = / k\v\'~^vQdxi, Q£V. 



Let us consider the following equation 

{^,e) + ^a{vs{t),e) + b{vs{t),vs{t),e) + {j's{vs),e) 

= -M^,e)^bi^,vs{t),e)-bivs{t),c,e) (3.2) 

with initial condition 

vsiO)^vo. (3.3) 

For (5 > 0, we establish an a priori estimates of vg. Since {j'g{vs),vs) > 0, vs{t) £ V, and 
b{vs{t),vs{t),vs{t)) = b{(,vs{t),vs{t)) = then taking Q = vs{t) in (|3.2I) we get 

— Hit)? + ''WMtW < -M^, vs (t) )-b{vs{t),i, vs (t) ) 
In view of Lemma 13.11 we obtain 

~\vsit)\' + '^\\vsm'<m'- 

We estimate the right hand side in terms of the data using Lemma 13.11 to get 

~\Mtr + '^Hm'<F. (3.4) 
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with F = F{v, Vl, Uo). From (I3.4p we conclude that 

W{t)\'' + v I \\vs{s)fds < |f (0)|2 + 2tF, (3.5) 



whence 

vs is bounded in L^{0, T; V) D i°°(0, T; H), independently of 6. (3.6) 

The existence of vs satisfying (|3.2p - p.3|) is based on inequality (13. 4p . the Galerkin ap- 
proximations, and the compactness method. Moreover, from p.Sp we can deduce that 

^ is bounded in ^^(o, T; V'). (3.7) 
at 

From p.6p and p.7p we conclude that there exists v such that (possibly for a subsequence) 

vs^v in i2(o^T;t/), 
In view of ([311), w e C{[OT];H), and 



at 



+ TTll^Wf < -C{nnw{t)f\u{t)\\ (3.9) 



W5 — )■ w in L {0,T;H) strongly. 

We can now pass to the limit <5 — in p.2p -f p.3p as in [T3] to obtain the variational 
inequality (|2.9p for almost every t G (0, T) . Thus the existence of a solution of Problem l2.1l 
is established. □ 

Theorem 3.2. Under the hypotheses of Theorem \3.1[ the solution v of Problem \2. 1\ is 

unique and the map v{t) — > v{t), for t > t > 0, is Lipschitz continuous in H . 

Proof. Let v and w be two solutions of Problem 12. II Then for u{t) = w{t) — v{t) we have 

~\u{t)\'' + iy\\uit)f <biuit),wit),uit))+biuit),(,uit)). 
By Lemma 13.11 and the Ladyzhenskaya inequality p.ip we obtain 

+2' 

and in view of the Poincare inequality we conclude 

dt 2 I' 

Using again the Gronwall lemma, we obtain 

\uit)\' < \uiT)\'eM~l' - lcinnw{s)r^ ds}. (3.10) 

From it follows that the solution w of Problem [^belongs to L^{t, t\ V). By ((XTUl) 
the map v(t) — f (t), i > r > 0, in _ff is Lipschitz continuous, with 

\w{t) - v{t)\ < C\w{t) - v{t)\ (3.11) 

uniformly for t, r in a given interval [0,T] and initial conditions w(0),w(0) in a given 
bounded set B in H. 

In particular, as u{0) — w{0) — v{0) = 0, the solution v of Problem 12.11 is unique. 

This ends the proof of Theorem 13.21 □ 
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4 Preliminaries from the theory of dynamical systems 



Let us consider an abstract autonomous evolutionary problem 




F{v{t)) in X, 



(4.1) 



v{0) = vo. 



where X is a Banach space, F : X X is a. nonlinear operator, and vq £ X. We assume 
that the above problem has a global in time unique solution [0, oo) 9 t — > v{t) g X for 
every vq G X. In this case one can associate with the problem a semigroup {S{t)}t>o 
of (nonlinear) operators S{t) : X ^ X setting S{t)vo = v{t), where v{t), < > 0, is the 
unique solution of (14.11) . 

From properties of the semigroup of operators {S{t)}t>o we may then conclude the 
basic features of the behaviour of solutions of problem (14. ip . in particular, their time 
asymptotics. One of the objects existence of which characterize the asymptotic behaviour 
of solutions is the global attractor. It is a compact and invariant with respect to operators 
S{t) subset of the phase space X (in general, a metric space) that uniformly attract all 
bounded subset of X. 

Definition 4.1. A global attractor for a semigroup {S(t)}t>o in a Banach space X is a 
subset A of X such that 

• A is compact in X. 

• A is invariant, i.e., S{t)A — A for every t > 0. 

• For every e > and every bounded set B in X there exists to — to{B,e) .such that 
for all t > to, S{t)B is a subset of the e -neighbourhood of the attractor A (uniform 
attraction property). 

The global attractor defined above is uniquely determined by the semigroup {S{t)}t>o- 
Morever, it is connected and also has the following properties: it is the maximal compact 
invariant set and the minimal set that attracts all bounded sets. The global attractor 
may have a very complex structure. However, as a compact set (in an infinite dimensional 
Banach space) its interior is empty. For many dynamical systems the global attractor has 
a finite fractal dimension (defined below) which has a number of important consequences 
for the behaviour of the fiow generated by the semigroup |2j [3] . 

Definition 4.2. The fractal dimension of a compact set K in a Banach space X is 
defined as 



where (K) is the minimal number of balls of radius e in X needed to cover K . 

Another important property that holds for many dynamical systems is the existence 
of an exponential attractor. 

Definition 4.3. An exponential attractor for a semigroup {S'(i)}t>o in a Banach space 
X is a subset M of X such that 



df{K) = limsup 




{K) 
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• Ai is compact in X. 



• M is positively invariant, i.e., S(t)Ai C A4 for every t >0. 

• Fractal dimension of A4 is finite, i.e., dJ{M) < oo. 

• A4 attracts exponentially the images of bounded subsets of X , i.e., there exist a 
universal constant ci and a monotone function $ such that for every bounded set 
B in X , its image S{t)B is a subset of the e{t) -neighbourhood of A4 for all t > to, 
where e{t) = <I'(||_B||x)e^^^* (exponential attraction property). 

In the following sections we shall consider the problem of the existence of the global 
and an exponential attractor for the dynamical system considered in this paper. 
Let X, Y, and Z be three Banach spaces such that 

Y C X with compact imbedding and X C Z. 

We assume, moreover, that X is reflexive and separable. 
For T > 0, let 

Xr = L^O,T;X), 

and 

fjij 

Yr^{ue (0, r; r), — e LP-^- (0, r; Z)}, 

for some 2 < pi < cxd and 1 < P2 < oo- 

By C([0, r]; Xw) we denote the space of weakly continuous functions from the interval 
[0,t] to the Banach space X, and we assume that the solutions of (|4.ip are at least in 
C([0, T];XyJ) for all T > 0. Then by an ^-trajectory we mean parts of solution trajectories 
parametrized by time from the interval [0,^]. If u = t > 0, is the solution of (|4.ip 
then X — ^^l[o,/] is an ^-trajectory as well as all shifts Lt{v){T) ~ v{t + t),Q < t < I, for 
t>0. 

We can now formulate a theorem which gives criteria for the existence of a global 
attractor A for the semigroup {S{t)}t>Q in X and its finite dimensionality. These criteria 
are stated as assumptions (Al)-(A8) in [9]. 

(Al) For any vq E X and arbitrary T > there exists (not necessarily unique) v € 
C{[0,T]; Xw) n It, a solution of the evolutionary problem on [0,T] with ^(O) = 
Vq. Moreover, for any solution the estimate of ||i'||Yr are uniform with respect to 

M0)\\x. 

(A2) There exists a bounded set C X with the following properties: if v is an arbitrary 
solution with initial condition vq E X then (i) there exists to = to{\\vo\\x) such that 
v{t) e B° for all t > to and (ii) if vo £ B° then v{t) G B° for all t > 0. 

(A3) Each ^-trajectory has among all solutions a unique continuation which means that 
from an end point of an ^-trajectory there starts at most one solution. 

(A4) For all t > 0, Lt : Xi ^ Xi is continuous on Bq - the set of all /-trajectories starting 
at any point of i?" from (A2). 
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(A5) For some r > 0, the closure in Xi of the set Lt-{Bq) is included in Bq. 

(A6) There exists a space Wi such that Wi C Xi with compact embedding, and r > 
such that Lt- Xi ^ Wi is Lipschitz continuous on Bj - the closure of Lt-{Bq) in 
Xi. 

(A7) The map e : Xi —i' X , e{x) — x(0 i*^ continuous on Bj. 
(A8) The map e : Xi X is Holder-continuous on S/. 

Theorem 4.1. (^^j. Lei the assumptions (A1)-(A5) , (A7) hold. Then there exists a 
global attractor A for the semigroup {S{t)}t>o in X. Moreover, if the assumptions (A6), 
(A8) are satisfied then the fractal dimension of the attractor is finite. 

For the existence of an exponential attractor we need two additional properties to hold, 
where now X is a Hilbert space (c.f., [9|). 

(A9) For all T > the operators Lt : Xi ^ Xi are (uniformly with respect to t € [0,t]) 
Lipschitz continuous on Bl. 

(AlO) For all r > there exists c > and (3 £ (0, 1] such that for all x € Bf and 
ti,t2 & [0,r] it holds that 

\\Lt,X-Lt,x\\x,<c\t,~t2f. (4.2) 

Theorem 4.2. (JS^). Let X be a separable Hilbert space and let the assumptions (Al)- 
(A6) and (A8)-(A10) hold. Then there exists an exponential attractor M for the semi- 
group {S{t)}t>o in X. 

5 Existence of the global attractor of a finite fractal 
dimension 

In this section we prove the following theorem. 

Theorem 5.1. There exists a global attractor of a finite fractal dimension for the semi- 
group {S(t)}t>o associated with Problem \2.1\ 

Proof. From the considerations in the previous section it follows that to prove the theorem 
it suffices to check assumptions (A1)-(A6), (A8). For the convenience of the reader we 
repeat their statements in appropriate places. 

Assumption (Al). For any vq £ X and arbitrary T > there exists (not necessarily 
unique) v S C([0,T];Xj^) n It, a solution of the evolutionary problem on [0,r] with 
w(0) = vq. Moreover, for any solution the estimate of are uniform with respect to 

IK0)IU. 

In our case, set X ^ H,Y = F, and Yt = {u £ L'^{Q, T; V), u' € ^^(O, T; V')}. From 
Theorems 13.11 and 13.21 we know that for any vo E H and arbitrary T > there exists 
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a unique v G C{[0,T]; H) n Yt, solution of Problem 12.11 We shall obtain the needed 
estimates directly from the variational inequality, cf. 



<vtit),e ~v{t) > + iya{v{t),e ^v(t)) + b{v(t),v{t),Q - v(t)) (5.1) 

+ j{e)~j{v{t)) > ic{v{t)),e-v{t)) 

Set e = in to get 

~\v? + '^M^+jiv) < iCiv),v), 
as j(0) — 0. Since, by Lemma [XTl 



(C{v),v)<'^\\vr + :.m\\ 



we obtain 



^^\v\' + „\\v\\^ + 2j{v)<2i.M' ^F. (5.2) 
Integrating in t we obtain 

\vit)\^ + v f \\v{s)fds < \v{0)\^ + 2tF (5.3) 
Jo 

and we deduce that 

V is bounded in L^{0, T; V) n i°°(0, T; H), 
uniformly with respect to |f (0)|. 

To get a uniform with respect to |u(0)| estimate of v' in L^(0,T; V) set Q — v — ijj, 
ip & V, in (|5.ip . We then have 

<v',ip> < {C{v),'iIj) — va{v, V') — h{v, v, ip) + j(v — ip) — j{v). (5-4) 

Thanks to the Poincare inequality we have, ||7(w)||L2(ao) < C'H'i'll, and 

j{v-i^)-3{v) = k [ {\v-i,\-\v\)<k [ 1^1 <C(ro)||V'||. (5.5) 

Moreover, using the Ladyzhenskaya inequality (13.11) to the nonlinear term, we have 

(£(w), V) - Mv,^j) - b{v,v,^j) < Ci{\\v\\ + \v\ \\v\\ + (5.6) 
From ([0 )) - ((5?^ we obtain 

Wv'Wv <C2i\\v\\ + \v\\\v\\ + l) 

and 

ll^'lli-(0,T;y') = / Wv'mV'dt 







2 / ILV+MI2, 



< C^U \\vm'dt+\\v\\Uf^,_^.^H)J^ \\v{t)\\'dt + T\ <Ci\vm). 
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Thus, (Al) holds true. 



Assumption (A2). There exists a bounded set B'^ C X with the following properties: if 
V is an arbitrary solution with initial condition vq € X then (i) there exists = to{\\vo\\x) 
such that v(t) e S° for all t > to and (ii) if vq G B° then v{t) £ B° for ah t > 0. 

From (|5.2I) and the Poincare inequality, 

and then by the Gronwall lemma, 

\vit)f<\vm'e-''^' + ^. 

Thus, there exists a bounded absorbing set (e.g., the ball Bh{0,p) with = -^7:17) 
in H. Let be a time at which Bh{0,p) absorbs itself and let -B" be the closure of 
Sito)BHiO,p) in H. If va e then v{t) G 5° for all t > 0. Thus, (A2) holds true. (We 
need B'^ to be closed in H to be able to satisfy assumption (A5) below). 

Assumption (A3). Each Z-trajectory has among all solutions a unique continuation. 

We recall that by the ^-trajectory we mean any solution on the time interval [0,1], 
and the unique continuation means that from an end point of an Z-trajectory there starts 
at most one solution. 

In our case (A3) is satisfied as the solutions are unique (Theorem 13. 2p . 

Assumption (A4). For all t > 0, Lt : Xi Xi is continuous on Bq. 

Bq is defined as the set of all /-trajectories starting at any point of i?'^ from (A2), 
and Xi — L^{0,1; X). The semigroup {Lt : t > 0} acts on the set of Z-trajectories as the 
shifts operators: {Ltx}{T) = v{t + t) for < t < I, where v is the unique solution on 
[0, 1 + t] such that w|[o,/] = X- 

In our case, X = H, hence Xi ^ Hi = L^{0,1; H). In view of inequality (13. lip the 
map S{t) : B^ — !■ B^ is Lipschitz continuous for every i > 0, and we have, for any two 
Xi,X2 in B'o, 

f \LtXi{s) - LtX2{s)\'ds < C^{t) f 1x1(5) - X2{s)?ds. (5.7) 
JO Jo 

Thus, (A4) holds true. 

Assumption (A5). For some r > 0, the closure in Xi of the set Lt-{Bq) is included in 

Oq. 

As LriBj)) C Bq, it is enough to check that the set Bq is closed in Xi. We have 
to prove that if {xn} is a sequence in Bq converging to some x in then x is also a 
trajectory and that x(0) e B'^. 
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From Assumption (Al) it follows that the sequence {xn} is bounded in Yi and thus 
contains a subsequence (relabeled {xn}) such that 

Xn^X in L^{0,l;V), and ^ ^ in L\0,1;V'). (5.8) 
Moreover, by the Aubin-Lions lemma, 

Xn^X in L\0,l;H). (5.9) 

We have, 

< Xn{t),Q - Xn{t) > + Va{Xn{t),Q ~ Xn{t)) 

+ b{Xn{t),Xn{t),e-Xn{t)) 

+ JX©) - jiXnit)) > {C{Xn{t)) , e - Xn{t)). 

We multiply both sides by a nonnegative smooth function 77 = 7]{t) with support in the 
interval (0,1) and integrate with respect to t in this interval. We shall prove that taking 
liminf„_j.oo of both sides and using (|5.8p and (|5.9|) . we obtain 

<x'{t).Q~x{t)>l{t)dt + V I a{x{t),Q~x{t))^{t)dt 
Jo 

b{x{t).x{t).Q-x{t))Ti{t)dt 

I pi 
3[Q)v{t)dt^ / j{x{t))v{t)dt 
"'0 

> [\cixit)),e-xitMt)dt. (5.10) 

Jo 

First we shall show (without using the convexity argument) that 

hm / JiXnitMm - / j{x{t))7^{t)dt. (5.11) 
It is known (c.f., e.g., ^23 ) that for every e > there exists > such that for all 

ll7(^^)llL2(aa) < £||Vi;||i2(f^) + Ce\\v\\L2{a). 

We have thus 

ll7(Xn) ~ 7(x)lli2(r„) < e\\xn - xlP + C^IXn - X? 

and 

/ ll7(Xn)~7(x)lli2(r„)d<<e / WXn - x\? dt + C J \Xn-X?dt. 
Jo Jo Jo 
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As, in view of (|5.8p . there exists M > such that for all n, 

f \\Xn{t)-x{tWdt<M, 
Jo 

we obtain, using (|5.9p , 

wiyxn) - rvxyi'^ 

n— ^-oo Jo 

Now, as e is any positive number, we obtain 

|2 



lim sup / ||7(xn) - 7(x)lli2(r„)di < eM. 



lim / \\l{Xn)-jix)\\UT„)dt = 0. (5.12) 







From (I5TT2)) . ((SlTI) easily follows. 
We have also 



/"'id 

lim / <x^,X»>»7Wdi = lim / 7; jrlXnl^vit) dt 



lim f\\Xn?v{t)'dt = ~f\\x\Mt)'dt 
<X',X> V{t)dt. 

In view of (15.81) and (|5.9p . there are no problems to get the other terms in (I5.10p and 
finally, (j5.10p itself. As inequality (|5.10p is equivalent to inequality 

< xit)', e - X > + Mx{t), e - xW) + KxW, xW, © - xW) 

+ j(e)-j(xW)>(>c(xW),0-xW) 



satisfied for almost all t e (0, /), x is a solution with x(0) in H . To end the proof we have 
to show that x(0) belongs to the positively absorbing set . We have Xn(t) € for all 
t e [0, /] and, by (j5.9p . for a subsequence, Xn{t) — > x(^) for almost all t € (0, 1). As B^ is 
closed, x(i) G for almost all t e (0, Z). Now, from the continuity of x'- [0, _ff and 
the closedness of B^ it follows that x(0) is in B^ . 
Thus, assumption (A5) holds. 

Assumption (A6). There exists a space Wi such that Wi C Xi with compact embed- 
ding, and r > such that Lr : Xi ^ Wi is Lipschitz continuous on Bf - the closure in 

Xl 0iLr{B°). 

Define, 

Wi^{u:ue L'^iO, I; V), u' e ^^(O, I; V')}. 

We have, Wi C Xi, with compact embedding and we shall prove that Li : Xi ^ Wi is 
Lipschitz continuous on Bl . Let w and v be two solutions of Problem 12.11 starting from 
B'^ and let u = w — V. Then, cf. 



at 2 V 
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Take s G (0, 1) and integrate this inequality over r e (s, 21) to get 

\u{2ir + ^ r lk(r)f dr < T ||u(r)|n«(r)pdr + \u{s)\\ (5.13) 



From (|3.1ip we conclude that 

Kr)p<CiK.)p 

for r G {s,2l) and from ()5.3p we have 



21 

\\u{T)\\^dT<C2 



uniformly for w{s),v{s) € -8°. Therefore, from (|5.13p we obtain 

r2l 



||u(r)||2dT<C3|u(s)p. 
Integrating over s S (0, we obtain 



and therefore 



ll^ai - UX2\\l^{q,i;V) < Y y-|lxi - X2\\l^(o,1;H) (5-14) 



for any Xi,X2 in Sf. 

In order to prove that 

\\{LiXl - LiX2)'\\l^{Q,1-V') < C\\xi - X2\\lH0,1;H) 

for some C > it is sufficient, in view of (|5.14p . to prove that 

Wixi- X2)'||Li(o,;;y') < C'Wxi - X2\\L^Qj-y) (5.15) 
with C" = C\f^. We have, 



<v',e-v > + i^aiv, Q-v) + b{v, v,Q-v) + j{Q) - j{v) > {£{v), Q - v) 

and 

< w' ,Q — w > + iya{w, Q — w) + b{w, w,Q — w) + j(8) — jiw) > {C{w), Q — w). 

Set Q = V + tp in the first inequality and O ^ w + ip m the second one, where ip € V, 
and subtract the first inequality from the second one to get 

< u', —tp > < j{w + ip) — j{v + tp)+ j{v) ~ j{w) + Af{u, w, v; ip), (5.16) 
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where 

A/'(u, w, v; -0) = b{^, u, ip) + b{u, ^, V') + i^a{u, -0) + b{w, u, ^) + b{u, v, ?/>)• 
We have, 

j{w + ip)- j{v + tp)+ j{v) - j{w) < 2j(u). 
Estimating the right hand side of (15.16^ we get 

<«',-V> < C"(l + ||H + lkl|)||u||||V||+co||^x||, 

whence 

\\u'{t)\\v, = sup{< u'{t),-^ > : M\ < 1} < + CO + \\v\\ + \\wit)\\)\\u{t)\\- 

At last, integration over t e (0, /) gives 

I A 

\\u'{t)\\v'dt< C'{ \\u{t)\\^dt)^^^, 
Jo 



with 



c = ci[\i + \\v\\' + \\w{tW)dty/\ oo, 





uniformly for trajectories starting from B'^. This proves (|5.15p and ends the proof of the 
Lipschitz continuity of the map Li : Xi ^ Wi. Assumption (A6) holds true. 

Assumption (A8). The map e : Xi X is Holder-continuous on Bj. 

(A8) follows directly from the Lipschitz continuity of the map e : Xi X , e(x) — x(0- 
To check the latter, let w, v be two solutions as above, starting from S". From (|3.1ip we 
have, in particular, 

\w{l)-v{l)\ < C\w{t) - v{t)\ 
for T € (0, /). Integrating this inequality in r on the interval (0, 1) we obtain 

C 

\w{l) - v{l)\ < —\\w- v\\l2(^oj.h)- 
This ends the proof of Theorem 15.11 □ 

6 Existence of an exponential attractor 

In this section we prove the main theorem of this paper. 

Theorem 6.1. There exists an exponential attractor for the semigroup {S{t)}t>o asso- 
ciated with Problem \2.1\ 



19 



Proof. In view of Theorem 14.21 and the considerations in the previous section it suffices 
to check conditions (A9) and (AIO). The first one foUows immediately from inequahty 
(|5.7p . Thus it remains to prove that 

\\Lt,X~Lt,x\\x,<c\t,-t2f (6.1) 

holds for all T > 0, < t2 < ti < T, X ^ B], some c > and some /3 G (0, 1], where in 
our case, Xi ~ Hi. 

To obtain (j6.1l) it suffices to know that x', the time derivatives of x € , are uniformly 
bounded in L''(0, Z; H) for some 1 < g < oo, 0. In fact, we have then 

\\LtiX{s) - Lt2X{3)\\H \\u{ti + s) ~ u{t2 + s)\\h 

= II r^\'{rj)d7j\\ 

Jt2+S 



< \ti-t2\^-'^\\u'\ 



Li(t2 + s,ti+s-H)- 



and integration with respect to s in the interval [0, 1] gives ()6.ip with c depending on r 
and I. 

We shall prove that there exists Af > such that 

\\x'\\L^io,i-M) < M foraU x G S/. 

The formal a priori estimates that follow can be performed on the smooth in the time 
variable Galerkin approximations Vg{t), n = 1,2,3,..., of the regularized problem p.2p - 
(13. 3|) . as in [53]. The obtained estimates are preserved by solutions vs{t) of problem 
p.2p - p.3p . with bounds independent of 6 when (5 — > 0, and in the end, by solutions v{t) 
of Problem EH 

Let us consider the solution v — v{t) of problem p.2p - p.3p (we drop the subscript 5 
for short), 

i^,e) + Mvit),e) + bivit),vit),e) + ifMt)),Q) 

= -M^,Q)-Ki,v{t),Q)-b{v{t),^,e) (6.2) 

with initial condition 

Our aim is to derive, following the method used in |24j . two a priori estimates which 
yield (|6.ip . To get the first one, set Q = Vt {vt = v') in (|6.2p . We obtain 

k*P + l^lklP + j^M = iCiv),v,) - b{v,v,v,). (6.3) 
Using the Ladyzhenskaya inequality p.ip we have 

(£(«),«*) < ciiwvtw + iifiiii'tr/'ii«tir/' + i^'i'/'ikii'/'it'ti'/'iktii'/'). (6.4) 

Now, we differentiate (|6.2p with respect to the time variable and set = Wj, to get 

^^ktP + J^lktlP < -b{vt,^,vt) - b{vt,v,vt), (6.5) 
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as b{^,vt,vt) = 0, b{v,vt,vt) = 0, and, c.f., [T3], [10], 

ij/5iv),yt)>0. 

Using Lemma [33] and the Ladyzhenskaya inequality p.ip to estimate the right hand side 
of (|6.5p we obtain 

^Jvtl' + i^WvtW' <C2\\v\\'\vt\'. (6.6) 
at 

Now, we muhiply (16.61) by to get 

4(t^ktn + t'Hktip < C2ii«ip(t^i«*n + 2t\v,\^. (6.7) 

at 

To get rid of the last term on the right hand side we add to (16. 7p equation (16.31) multiplied 
by 2t. After simple calculations and using (16. 4p we obtain 

^(i2|z;,|2 + ^^.||^;||2 + 2^J5(«))+^2i^||^;t||2 (6.8) 

< 2tei(|K|| + IMlvt^vtW'/' + \vnv\\'^'\vtnvt\\'^'') 
+ C2\\v\\^{f\vt\^) + i^\\v\\^ + 2js{v) 

+ C3br/^||.||^/^(tb,|)V2(t||.,||)V^ 

Define y = t'^\vt\'^ + + 2tjs{v). Using the Young inequality to the right hand side 

of (j6.8|) and observing that jsiv) < C(||w|p + 1) for < 5 < 1, we obtain at last the 
inequality of the form 

J^yit) + ^^\\vtr<c^it)yit) + C2{t), 

where the coefficients Cj(-), i = 1,2, are locally integrable and do not depend on 6. 
They are also independent of the initial conditions for d in a given bounded sets in H . 
This proves that the time derivative of solutions of the regularized problems is uniformly 
bounded with respect to S in L°°{r],T; H)riL'^{r],T; V) for all intervals [77, T], < 77 < T. 
As a consequence, this property holds for all x S Bf. In view of the above considerations 
this ends the proof of the existence of an exponential attractor. □ 



7 Conclusions and some open problems 

In this paper we proved the existence of the global attractor of a finite fractal dimension 
and also of an exponential attractor for a Navier-Stokes flow with Tresca's boundary 
condition appearing in the theory of lubrication. In the end we would like to mention 
some related problems. 

First, there is a question of the existence of global and exponential attractors for other 
contact problems with subdifferentiable boundary conditions. As concerns exponential 
attractors, the main difficulty seems to be produced by assumption (AlO). Usually ()4.2p 
follows from some better property of the time derivative of the solution, e.g., it easily 
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follows if we know that u' G L'^{0,T; X) for T > and some g > 1. However, such 
a property is not known to hold for many contact problems. On the other hand, for 
numerous quasistatic and dynamical contact problems this property is naturally satisfied 
[J [13], however, for the associated semigroups acting in some more regular phase spaces 
Y of initial conditions (with Y compactly embedded in X). In this situation it seems 
important to study further regularity properties of solutions of contact problems to have 
u' £ i'(0, T; X) for T > and some g > 1 for solutions with initial data in X (and not 
in Y). 

For some visco-plastic flows (e.g., Bingham flows) governed by variational inequali- 
ties (however, only with homogeneous or periodic boundary conditions) the regularity 
problem in question was solved e.g. in [241 125) and used to study the time asymptotics 
of solutions. 

In this context, there are other important open problems, namely these of the time 
asymptotics of solutions of the Navier-Stokes, visco-plastic and other fluid models gov- 
erned by evolution variational or even hemivariational inequalities (c.f., e.g., |26| ) that 
take into account involved boundary conditions coming from a variety of applications in 
mechanics. 
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